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éﬂ Introduction%)

In this report some aspects of the work carried out by the
applied mathematics division of the Amsterdam Mathematical Centre
in connection with the problem of the motion of the North Sea are
considered, o .

The general problem of the hydrodynamic behaviour of a shal-
low sea subjectéd to a storm can be attaéked only by‘means of
considerable simplifications: linearisation of the hydrodynamic
zdquations, nezlection of vertical motions, etc,

The following equations will be used

au A U
el DN - » LT
STt Qv +g =5 oh
2V iav + O o+ g 25 . ¥ 1.
a2t s ay lfah
DX oy at

lere g is the acceleration of gravity, A a friction coefficient,
€L the coefficient of Coriolis, h the depth, u and v averages over
i vertical of the horizontal components of the velocity, ¢ the
:levation of the sealevel above the undisturbed level, U and V the
romponents of the tangential stress on the surface of the gea due
;0 the wind,

The North Sea is usually considered as a rectangle }x§‘;a,
)<y <b where x = + a, y=0 represent coasts and y=b the open end
't the ocean. The depth 1is taken constant. The ocean may be con-
iidered infinitely deep and the following boundary conditions hold

x=+a, u=0; y=0, v=0 ; y=b, ¥=0.

'he numerical values are approximately

_b=850 km, h=65 m (harmonic average), N=0,09 h“q,gl =0,48 n~’

- ¥

ext, 1f W represents the velocity of the wind at sealevel

e

V ueve

o]

= 3.5 x 1070 y?

n corresponding units.
In this paper, however, a simpler model will be discussed. We
hall consider o nmifo-m1- +ime_dependent wind upon an infinitely

Research carried out under the direction of Prof.Dr D.van Dantzig

Ll L.




D

wide sea, 1,e, the strip ~co <« Xx <eo , 0<y<b, M :r only wir
will be considered, the direction of which is perg rular to tr
coast, i1.e. U=0, V=V(t), Under these conditions-tt ire no
variations in the stream and the elevation in the ‘ection anc
hence the terms in 1.1 with g% disappear. If next ‘ollowing

units are introduced in 1.1

£ b/2w Vgh h oy b/2 T
u,v Vgn  km/n ;€ h
the equations 1.1 become
3] —
(5—6- +)\> U.*QV—-O
i D) 2 & _
(5—5 +>\) v +.<. 134 +—§'—~'-V ‘ 1.2
A ak
37 + STt~ o
with the boundary conditions
y=0 v=0 V= 2TC € =0, 1.3

In the numeriecal case the units are as follows

t 1.5 h u,v 91 Wm/h
v 135 km < 65 m

and A= 0.14,4L = 0.71.
5 (]

If W is in m/sec, then |Vl= 1.1 x 10~ u-,
?2, General solution
If upon the equation 1.2 Laplace transformst S applied,

[
€ (y,p) = J/, e PV ¢ (y,t)dt  ete.

2.1
) = O\D
we obftain the equations
(p+>\) {l— —Q_:\-/: = O
(p#K)V+flﬁ-k2%—==V 2.2
9__\.{. 4 D% = ﬁé

T'he boundary conditions are obviously




y=0 v=0 ; y=21t ¥ =0,
rom the system 2.2 we may derive
2_
~ 25 4%%= 0 2.3
PATA
here qg = p(p+ ) +OL° ~E§ . 2.4

‘he boundary conditions of 2.3 are

~ 2% =
y=0 5y = v
y:?_‘li’ E: O‘

‘he solution of 2.3 satisfying both boundary conditions is

v 2

€(y,p) = - v ehlemyla 2.5
q ch 2wwag

=

¥y means of the inversion theorem of the Laplace transformation we

ave
N O = % j -
<(y,8) = - = j Pt shlen-y)a g gy 2.6
T g ch 2mng

is a vertical (¢ -ico, 6 +icw) with Re ¢ > 0.

=7
“!\
3
o
[

In the following sections the following cases will be studied
- free motions
~a constant wind starting at t=0
V=0 t <0 ; V=-1 T >0,

periodic motions of the form

S(v,t) = 2(y)e

a periodic wind starting at t=0

j_th

ht .
- /=0 t <0 ;

»3  Free motilons

The free motions satisfy the equations 1.2 with V=0. For a
. ; v T -
ree motion where u,v, § contaln the time factor eP the value of
should satisfy ch 2wg=0 (cf. 2.5), Thus € t) is of the form
1 S AV,




here p 1is determined by
s k=0,1,2.., .

‘or each k a triplet of eigenvalues 1is obtained whi

£
p3 + 2

~ I's P 2‘
Wt o+ [ nEe0® ok

no? 4 EeD o

n the mumerical case 7°=0.02,<) °20.5 the first f

- k= O =0,0153 , =-0.134 + 1 0,749
1 0,074 , -0.10% + i 1.028
2 -0.107 , -0.088 f i 1.434
3 -0,122 , -0.080 + i 1,886

he real roots form a decreasing sequence convergln

he complex roots are situated left from the line R

>

he real parts converge to - &5 , the imaginary part
el

k 1
vt (@ + E)’

he lowest real eigenvalue << may be approximated

O
, ) - A
ol e - 3
© 14+16.0L
r better
A ‘ P
- L O{ - 7
1416$2° © 1416 (L1 4 X )

he main free motion 1is
2
116N e +16¢ ot
O o] O

P J s Y
/ 1 = e sin %
] \ b )
) b ;
v o= bl e Cos %
- f O
‘,\‘ o \‘.‘f'\ob y
y = € COS 1+ .
ith the values given above we have always
v A A
K_).. = b‘,ﬂj .

o2
o
[ &)
-t
oy
o]
Ej
0]
Y
=

stream makes the constant angle of ab

o]
]
92}
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onwards a constant

$(y,t) according to

4.1

FElevation at the coast due to a stepfunction wind
If at t=0 the sea 1s at rest and from t=0
V=-1 blows we have for the elevation
1 1 t sh(2r-y)q
S(v,t) = == | &P (2r-v)a_ gy |
1 O
L pa ch 2wqg

right-hand

jues,

The poles are p=0 and the roots of

side may be evaluated by means of the calculus

-

3.2, The residue at

rives the stationary solution which is reached for t o9

§ (y,co) = 270 - Ve

h.2

large values of € the main contribution is that from the pole

io” If for

C(y,t)em

1e numerical case

the elevation

;(O:t> = 21

1er way of

&b the approximation 3.4 is taken we obtain
~2 -
(Qﬁ—y) B 256«_ AT cOos % . 4'3

at the coast

0153t pg o0.07THE

obtaining € (0,t) is as follows.

1y expand $ into the series
.
RO ,
= 1 S J ~ T
pd A J
o O
c.oz”l 5 &J::?. J =1,
cerms 1n this series represent the successive

> for large
ﬁth term

4

of the series

Y 7~ 2
P w . kEE
d = 1% + ';:“ ‘:‘ 8
2 81

for to<4jT,

3 easlly seen that

2 its

® B &8

<t o« U

“

de

< (
< (o,

rivative makes a jump of &,
’ 1
o

we have in particular

= exXp = - C
10 (1+1601°) 1416017

.023_51£=OQ5 we obtain in

cos 0.749%t - 0,01 sin 0.749t)e

4,5 corresponds to an or

particular

e 2

~0,134%¢t
I

s ®

4.5

reflections at

iginal vanish-

-

t) is continuous but that at t=4jir,
XD ~2J1Tt




~
) e

1

. )7
<(03t) = 22 - p+ T e
pj/g i p+X)2+512:}2

1 the expansion of the right-hand side in negative powers of »

xpansion of § in rising powers of t results.

ind in this way in the numerical case

C(0,t) = ¢ iﬂ - 0,354 ¢ - 0.0404 £2 + 0.00182 2., G b6
J

eans of 4.4 and 4,6 ¢ (0,t) has been computed for a number
; values which are given in table 1 and plotted in figure 1.
iee That the elevation at the coast tends very slowly towards
ultimate value of 27T,

=30 the elevation 1s still at slightly more than half its
mate value.

nd of 30 w/sec causes an ultimate elevation of 4 meter.

Table 1

evation at the coast due to a stepfunction windfield

t =0 €{0,t) = 0O
1 0.928
2 1.608
3 1.993
n 2,077
5 2,014
6 1.969
3 1,891
10 2.170
12.5 2,496
2.537
7.5 2,664 |

20 2.884
25 3.105
30 3.377
35 3.588
Lo 3.794
50 4,153

oo 0,203 = 2TC




Elevation ¥ (0,t) at the
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Periodic motions

U1

. If V==gin w3t for all £t there is a solution of the form
S (v,0) = Im{z(y) 0} 5.1

ccording to 2,6 we have

Z(y) - Sh(gﬂ'my>q
a

i)

g ch 271vg

)
]
3
D

) I :
q"‘s wi(\+ w i) +f}.‘£—--——-—-u‘)l .
A4 Wi

]
W
E;
8]
>4
et

mum elevation at the coast is given by

M(C\_\) :‘M.\Q 5’2
aq

(W) = lZ(O)i and

d figures 2,3,4,

~

. -~ 2 o
1 the numerical case A“=0,02, {)“=0.5 we have computed Z(0),
arg 72(0) for a number of w values. See table 2
(w) appears to have an absolute maximum 27 at w =0 and a seconda
iximum at w=0,69 where it is only 2.34. This represents the
2sonance with the first eigenfunction which has the period 0.75

i
1d the Coriolis effect for which {1 =0.71., In the case of the

>rth Sea the dangerous storms extend over a period of about two

1ys, so that w should be of the order 0.1. Since Mﬂu) is some
2asure of the effect of the storm upon the coast we see that

sorms of longer duration are more dangerous.
typical case of a long storm is given by w=0.1, This storm
ttends over a period of 1071 i.e, about two days. In this case we

ive

' $(y,6) = M(y) sin (wt - O(y)) 3

wn

12re M(y) and €(y) are given in table 3 and figure 5.
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A periodic wine S = 0,
— z 2] — 2
27¢ 25T
01 1 -1 2,15 5.36 °
oF 3 - 1 2.29 4,08 °
5 1 -1 1.46 .48 °
1 2 - 10.90 1.85 °
> ) - 1 0.57 1.59 °
3 1 -1 0.50 1.59 ©
4 3 - i 0.5 1.68 ©
5 > - 1 0.68 1.85 ©
5 4 - i 1,06 2,12 ©
7 5 -1 1.72 2.32 ©
8 7 - 1 1.67 1.80 ©
3 0 - i 1.30 1.48 ©
. 2 - 1 1.77 1.85 ©
g 0 - i 0.48 0.56 ©
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6 Elevation at the coast due to a suddenly starting periodic wir
If initially the sea is at rest and if at t=0 a2 sinusoldal wir
arts V = - sin wt 6.1
e elevation ¥ (y,t) is determined by
S(t) = gy | o oy SBlmilag, 6.2
T‘:]’L P +wW g ch 2wg

e right-hand side may be evaluated by means of the calculus of
:sidues., The poles at p= +iw give the quasi-stationary solution
tich is reached for t-— o2

C(y,t) e Imézﬂy)eiwt } .

L

iis is the periodic solution which has been considered in the
veceding section, For large values of t we have an appreciable
mtribution from the pole at (Xo only.
" the following approximation is used

- - A
A 7
0 2
1416 L)
have AR i
N - 2 1416017
. U\%— ) 6}_{‘2 ¢ LB
§(3ut) o Im%Z(Y)Cl Tl 2 v - s € Cos
s (1+16L2°)° w4 o
o} s oa
Qe
. 2 - N
the numerical case A"=0.02, {l°=0.5 we have L =-0,0153 and
cordingly
e it ) 0 ~-0,0153% -
C(y,t) e Im 57,(;7)6:'L R Qilégéw-e 0.0153¢ s 6.4
' 7& J )

- In the cage wW=0.1 the following computations have been
ut. The values of T (0,t) are given in table 4, In figure
Both ¥(0,t) and the quasi-stationary motion Im { Z(0)
e given, L
appears that the second ferm in the right-hand side of
counts for a rather considerable and slowly decreasing contribu-

on.,




sinusoida

S

0
0.047
0.175
0.363
0,960
1,443
1.891
2.209
2.359
2.353
2.1606
1.811
1.333
0.766
0.165

-0.412
-0.910
-1,284
-1.498
-1.533
-1.389
-1.078
-0.635

a, o
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‘he maximum value of (0,t) is reached at about t=6,5T ,l.e, 1.57C
ater than the moment of maximum wind intensity. The shape of the
otual motion follows very closely that of the quasi-stationary
1wotion.

"Sr a storm with a peak value of 35 m/sec we obtain in this way a
aximum elevation of 2.05 m occurring about 7 hours later than

‘he time of maximum wind intensity. The guasi-stationary motion

jould have given a maximum elevation of 2.55 m.

é 7. A half-plane sea

In order to appreciate the influence of the ocean a compa ris
should be made with the model of a half-plane sea y > 0. In this
‘ase the windfield is assumed to extend over the whole area.

'he equations are as 1in §x2. But here we have the solution

) T
. \Sl(y,t) = = V a3 7.:/‘
vith q given by 2.4,
The guasi-stationary motion generated by the windfield V=-sin wt
secomes .
, Wt .
€(0,t) = In (zeT®F) 7.2
Aith A
A+ wodl)®
7 »Ef‘ uﬂ) 5 A . 7‘3
(u)i)Eé(}+moi) +£1'j2

7or a number of <o values the values of |Z| are given below to-

zether with the corresponding values of the ocean case

| Z| halfplane 7| strip

w = Q 27 2T

. 0.1 1,8k 1.85
0.2 1.59 1,64

) 0.5 1.85 1.85
0.7 2.26 2.32

0.9 1.62 1.48

here the same resonance at about w= L.
order 0.4 the results from the two models differ
only very slightly. Thus for long storms the influence of the
e

ocean may be expected to be very small,
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If the sea is initially at rest and if at t=0 the

u> t starts we obtain for the particular case w =0

€ (0,t) halfplane €(0,t) ¢
t = 0 0 0
2T 0.96 0.9
L7 1.89 1.8
6 T 2.37 2.3
8 2.18 2.1
10 1€ 1.37 1.3

confirms the assertion given above,

The case fL = 0O

or £ =0 the solution 2.6 reduces to

' T = shi{ 2w~
[P (p) lmrla gy

, 1
€ (¥,0) = - ==
> ard g ch 2T q

e TNowW

eigenvalues are determined by

p(oaN) + (£ +q) =0,  k=0,1,2..,

hat for each k a pair of conjugate complex elgenva
N i 1

1o v ee e ‘ {5

Py 7ty Vikiz

obtained.

o]
N=0.02 the first few eigenvalues are

k=0 -0.0707 + i 0.240
= 1 -0.0707 + 1 0.7HT
= 2 -0,0707 + i 1,248
= 3 ~0.0707 + 1 1,748 .

corresponding eigenfunctions are again
Pt k 7
e’ cos (= + v .
(2 1:{) N}

-

at t=0 the sea is at rest the windfield V=-1, €

elevation

muses
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S(y,8) =, P 2hlEmdla g,
pg ch 27tg
mary solut .5 obviously
S ) = 2m-y.
wvation at roast due to a stepfu
L) =0,
= 0 C(0,t) =0
1 ' 0.964
2 1.867
3 2.712
4 3.505
5 h,e52
6 4,958
g8 6.253
10 7423
15 8.007
20 6.600
25 5.343
30 5.814
35 6.355
40 5.585
50 6.157
o9 27T
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Table 6

periodic windfield o,
7 Z |

27TC 27T
1 6.29- i 0.12 .29
2 6.32- 1 0.23 .32
5 6.43- 1 0.62 46
6.87- 1 1.54 .18
6.71- 1 6.93 .65
2,42~ 1 5.35 .76
-1.01- 1 1.54 , 84
0.16- 1 0.80 .81
1.05- 1 0.87 .37
1.57- 1 2.29 7T
-1.05~- 1 2,07 .32
-0.54- 1 0.68 .87
0.02- 1 0.42 R
0.54- 1 0.50 e
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Maximum elevation M{(w ) at the
coast due to a windfield e+ 7

case {1 = 0,

thwVweJRwi
\/w2—7\wi

M(w ) =

Q.2

D.4

0l

o8 16

figure 8
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‘or arbitrary vy apd € we

06

find by means of the calculus of residues

-2 k1

1 e ~ U oo COS(§ + E)jy [ >\
(v t)=(2rc-y)- — yau cos V.t + mt= sin v, T 7,
A T : k = | K 2V k

k=0 (% + 1) K

fes 8,3
there v, = LV (1{4—%)2* A,
.8 1n section 4 we have also the alternative expansilon
7.
€ (0,8) = 2 (-1)° g, f e °© Io(% \/C2—16327c2}d1:3 8.
0 i

e

there the summation breaks off at J= L L 1.

n the

Jigure

> The

fm=51n

\t the

or

In the

Tumber

numerical case A“=0,2 ((0,t) is given by table 5 and

7.
periodic solutilons which are generated by the windfield
wt are of the form 5.1 with g given by

2 2

o] = o= W7 & \)\ w i,

cogst y=0 we have in particular

T (0,t)

v 2
Tim % tg 270 YV w ehwi 1t
v \/ W Awi

€ (0,£) = M sin [wt=-0),

¥

j

nunerical case 'R2=O.O2 M snd ® have been compubed for a

of usvalues, See table 6 and figures 8,9 and 10,
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Table 7
1tion at tl 1st due o 11 windfield.
).1 , LLo=(

(ze+97 %) dife.,
o =0 -1.54 1.54
i D.65 55 ~-0.10
o >, 78 57 -0.11
37T +, 64 51 ~0.13
b 5,04 36 -0.08
5TC 5.85 85 -0,00
67T 7.00 04 0.0k
T 5,45 50 0.05
81T 5,28 31 0.03
9T 3.58 59 0.01
10 T 1.54 53 ~0.01
11 T 0.65 67 0,02
12 T 2.78 79 -0,01
13 7o Y, 64 64 -0,00
14 T 6,04 ol +0,00
151 685 g4 0,01
16 TC 7,00 99 0,01

17 7 645 Ls -

48 T© 5.28 28 -

19 T 3.58 58 -

Y
[
3
AN
W
=
1
=
1
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The case A= 0

We shall show below that the absence of a damping coefficiler
; rise to a quite anomalous behaviour of the elevation. Since
> is no dissipation of energy any disturbance from the wind
3 an infinitely repeated oscillation of the surface of the

We have =
— sh(2m-y) \ e

yﬁt : -V i = — - e 9«1
s (v,8) Vp2+O? cherVpe+ 1@

1 unit disturbance V=- d(t) we have for the elevation at the

2 2

V%2+51§‘

T(0,8) = 2 (-1 ¢y JO(Q\/@A@;{? 7)., 9.3
. ¢

we observe at the 1" peflection always a jump of MAKE:E.
she case V=-1, £>0 we find .
o < K ) . V[ 2 .2 2y
C(0,t) = 4%0(—1) & 1/ I (V16K art,
© KT 9.4

ralues of § for a number of t values are gilven in table 8.
show clearly the irregular behaviour of '§§

igenfunctiore in this case are

exp {ti V/(% + %)a r 0° f cos(% + %)y , 9.5

purely oscillatory.




he co ction

0 =
0,96
1,69
2.05
2,02
1.71
1.32
1.02
0.95

1,38
1.79
1.74
1.20
0.78
1.97
1.89
0.91
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Cobcluglonb aﬂd 11h31 remarks{;

&

Thle PepOPpAls only a’ flrst step towafds ‘the solution of the

more cozplicate problem of the determlnatlon o@ the influence
arbltrary windfield upon the elevatlon 01 the rectangulaﬂ
Sea model ~a<x<a,. 0 <y <b, ;ﬁ‘ o

ig. report the influence of the long 31des x~+a haa b@eﬁ Eeft
ftinsideratlon‘ , , L k ' : ]

withgfégard to the influen*e of the friction term A we ob-

that 14 results in the general. damplng factor
- - ’xt S

L
e ®

-

1te of. the smallness of ?{ this'influence iéybonsiderable.
=16 (@ne dan) its value is about 1/3, For t=32 (twé days)
abogf 1/9 ' | i '

In th?, ectangular North Sea model a similar effect may be
ted.. However, a' peguliar effect is caused by the. main free

n With théAeXC€pL1On8lly small damping factor of about

Nt

ERD = ——————— ' e
1416017 | o
=32 its value is still 0.62, N ,
The force bf Coriolis appears to enhance the inerbia‘of the
m., We point out the striking difference in the response of
ea to a sfep—function, figs.1 and 7, in the cases .512:0.5
L= ' ' '

In the case of the rectangular model of the North Sea this

O

t is certdinly less pronounced since the long sides suppress
ean stpeaﬁ in the x-direction.
As weaerdq'fhc influence of a periocdical storm of {reguency

str 1l«_3nD difference exists between the cases fl.%@ and {1 =0.
3 :

=0.5 a resonance occurs at w =0 and the next one at about
l which, however, is of minor impovtance, In this case the

nce of an occﬂn ooamquy has h“fdlj any 1nfluekce

{L =0 there is an important resonance at o =0.25 and a less
tant one at. w =0.75 (see fig.8). Here the presence of the
boundary 1oﬁe se tial,

For the rectamgplar model this does not help very much. How-

this model-will be investigated in a future report.




